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Foreword 


This  Circular  constitutes  the  fourth  item  of  a  contemplated  series  of  surveA^s 
and  tabulations  of  information  on  radiation  physics  that  are  being:  carried  out 
with  the  support  of  the  Biophysics  Branch  of  the  Atomic  Energy  Commission. 
Three  pre\dous  items  liaA^e  been  giA^en  limited  circulation  as  in  formal  reports. 

This  Circular  represents  primarily  a  tabulation  in  graphical  form  of  certain 
well-known  and  rather  simple  mathematical  relationships.  The  goal  of  dis¬ 
playing  these  relationships  for  large  ranges  of  the  independent  A^ariables  and 
in  a  manner  that  lends  itself  readily  to  interpolation  accurate  to  2  percent  has 
required  considerable  deA'elopment  of  methods  and  an  amount  of  labor  of  nearly 
two  man-years.  This  effort  need  not  seem  unduly  large  when  compared  to 
the  aggregate  effort  represented  by  a  number  of  partial  tabulations  prepared 
in  the  past  by  other  groups.  It  was  undertaken  in  the  hope  of  proAuding  a 
rather  definitiA^e  reference  capable  of  fulfilling  most  anticipated  needs  except 
for  yet  undetermined  correction  factors  and  extension  to  energies  beyond  500 
million  electron  Amlts. 

It  is  hoped  that  the  decision  to  undertake  an  effort  of  this  magnitude  and 
to  utilize  a  graphical,  rather  than  tabular,  presentation  will  proA^e  justified. 
Critical  comments  and  suggestions  by  the  public  will  be  particularly  welcome, 
in  Anew  of  the  difficulty  of  assessing  the  priority  of  different  possible  tasks  in 
this  series  and  of  estimating  the  number  and  the  type  of  workers  who  may  uti¬ 
lize  similar  publications. 

U.  Fano,  Chief, 
Nuclear  Physics  Section, 
National  Bureau  of  Standards. 
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Graphs  of  the  Compton  Energy-Angle  Relationship  and  the 
Klein-Nishina  Formula  from  10  Kev  to  500  Mev 


Ann  T.  Nelms 


The  Compton  energy  versus  angle  relationship  and  the  differential  and  integral  Klein- 
Nishina  cross  sections  are  presented  graphically  as  functions  of  the  energy  and  direction  of 
the  scattered  photon  and  of  the  recoil  electron.  These  graphs  are  intended  to  serve  the  pur¬ 
pose  of  tables.  Unpolarized  primary  gamma  rays  in  an  energy  range  from  10  Kev  to  500 
Mev  are  considered.  The  accuracy  of  all  curves  is  estimated  at  1  percent.  The  advantage 
of  this  form  of  presentation  is  the  convenience  and  accuracy  of  two-way  interpolation. 
In  general,  interpolated  values  may  be  obtained  with  an  accuracy  of  2  percent. 


1.  Symbols 

The  following  symbol  notation  is  used  through¬ 
out  this  paper: 

ro  =  Initial  photon  frequency,  sec“h 
=  Scattered  photon  frequency,  sec“h 
=  Initial  photon  energy  (/i  =  Planck’s 
constant),  Mev 

/ii/ =  Scattered  photon  energy,  Mev. 

m  =  Electron  rest-mass. 

c  =  Velocity  of  electromagnetic  radiation 
in  vacuum. 

ao  =  hvolmc^  =  Energy  of  initial  photon  in  mc^. 
a  =  =  Energy  of  scattered  photon  in  mc^. 

Xo=/«cV/iro=  l/ao  =  Wavelength  of  initial  photon  in 
Compton  wavelength. 

X  =  7?2cV^i'=  1 /a  =  Wavelength  of  scattered  photon  in 
Compton  wavelength. 

T'=  Kinetic  energy  of  the  recoil  electron 
=  hvo  —  hv,  Xlev. 

0  =  Angle  between  primary  photon  beam 
and  scattered  beam,  degrees. 

i/'  =  Angle  between  primary  photon  beam 
and  direction  of  recoil  electrons, 
degrees. 

cro  =  Thomson’s  classical  cross  section 
cm2  =  6.65 1 X  10~25 cm2,  where 
ro  =  e2/mc2,  and  e  is  the  electronic 
charge. 

Differential  Klein-Nishina  cross  section  per  electron: 

/(Xo,X)  =  Photon  wavelength  distribution, 
Thomson  cross  section  unit  per 
Compton  wavelength  unit  (see 
page  4). 

d(T/dO0  =  Angular  distribution  of  the  scattered 
photon,  cm2/steradian. 

c/a-/dO,^  =  Angular  distribution  of  the  recoil 
electron,  cm2/steradian. 

d(7/d/iv=  Energy  distribution  of  the  scattered 
photon,  cm2/Mev. 

6?o-/d  7"=  Energy  distribution  of  the  recoil 
electron,  cm2/Mev. 

Integral  Klein-Nishina  cross  section: 

o-7’  =  Total  Compton  cross  section, 
cm2 /electron. 

<7a  =  Effective  cross  section  for  the  energy 
absorbed  by  the  electron,  cm2/elec- 
tron.  (See  sec.  2.5-h,  page  6). 


2.  Introduction 

After  discussions  with  various  members  of  the 
National  Bureau  of  Standards  Radiation  Physics 
Laboratory  who  expressed  a  desire  for  tabulations 
of  the  Compton  energy  versus  angle  relationships 
and  differential  and  integral  Klein-Nishina  cross 
section  for  unpolarized  ^  gamma  rays,  a  survey  of 
the  literature  [1]  ^  was  made.  This  study  included 
available  information  over  the  last  decade.  There 
are  two  unfavorable  characteristics  common  to 
all  of  the  presentations  of  such  data ;  namely,  the 
energy  range  of  the  primary  radiation  is  limited 
and  the  forms  of  presentation  do  not  yield  accurate 
interpolated  values  of  the  cross  section. 

This  report  strives  to  eliminate  these  undesir¬ 
able  features.  The  data  are  expressed  in  the 
units  used  most  often  by  experimentalists.  All 
calculations  and  curves  are  believed  to  be  accurate 
to  1  percent,  taking  as  a  basis  the  values  of 
constants  from  DuMond  and  Cohen. ^  The  actual 
form  of  the  plots  is  such  that  interpolated  values 
can  be  obtained  in  general  within  2-percent 
accuracy. 

The  Compton  effect  depicts  the  scattering  of  a 
photon  of  initial  energy  by  a  ‘Tree”  electron, 
so  that  the  photon  has  a  degraded  energy  a,  and 
the  recoil  electron  has  acquired  a  kinetic  energy 
equal  to  ao—  a.  The  expression  for  a  as  a  function 
of  ao  and  of  the  angle  of  photon  scattering  d  is 
given  by 

a=Q!o/[l-|-ao(l  —  COS  0)].  (1) 


1  For  a  discussion  of  polarization,  see  U.  Fano,  J.  Opt.  Soc.  Am.  39,  859 
(1949) . 

2  Figures  in  brackets  indicate  the  literature  references  at  the  end  of  this 
paper. 

3  J.  W.  M.  DuMond  and  E.  R.  Cohen,  Phys.  Rev.  82,  555  (1951). 
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The  differential  Klein-Nishina  cross  section  [2]  for 
the  scattering  of  a  photon  in  tlie  direction  6  per 
unit  solid  angle  is  expressed  as 

da  _rl  (l+cos^0) 
d^~ 2  [l  +  ao(l— cos  d)Y 

_ q;o(1— cos  ef _ ) 

(1 +COS^  0)[1 +q:o(1  — cos  0)]  )  ^  ^ 

This  cross  section  can  be  expressed  in  terms  of  the 
energy  from  eq  (1). 


da_7rriy^  2  11  2 

.J  2  ”1  2  ”1”  2  iff” 

a  a  \_oio  a  a  aga  a 

for  ao'>a>aol[l-\r‘2-oio].  The  total  Compton  cross 
section  can  be  obtained  from  eq  (3)  by  integrating 
oxer  all  scattered  energies.  Hence 


a  j' — , 


( 1  -h  tto  1 

r2(l  +  Q:o)  ln(l  +  2Q!o)”l 

\  1 

L  l+2ao  ao  J 

+ 


In  (1  +  2  oL^ 

1  +  3  a.  ) 

2  a. 

(1  +2ao)^) 

(4) 


2.1.  Radiative  Correction  to  the  Klein- 
Nishina  Formula  for  Free  Electrons 


The  Compton  scattering  by  free  electrons  is 
described  to  a  very  good  approximation  by  the 
Klein-Nishina  formula.  ''Radiative  corrections” 
arise  from  high-order  electrodynamic  effects  and 
are  associated  with  the  weak  bremsstrahlung  gen¬ 
erated  in  the  sudden  recoil  of  the  electron.  These 
corrections  have  been  calculated  by  Schafroth  [3] 
and  by  Brown  and  Feynman  [4]  up  to  terms  pro¬ 
portional  to  e  ^  (giving  corrections  of  the  order 
cV(A'C/27r)  =  1/137  to  the  K-N  formula). 

The  net  effect  of  the  calculated  correction  is 
small,  of  the  order  of  1  percent  or  less,^  but  it  con¬ 
sists  of  two  appreciable  portions  that  nearly  cancel 
one  another.  On  the  one  hand,  the  probability 
of  the  ordinary  Compton  effect  is  usually  reduced. 
On  the  other  hand,  one  must  consider,  in  this  ap¬ 
proximation,  the  probability  that  the  electron 
radiates  in  the  course  of  the  Compton  process  one 
(or  more)  photons  in  addition  to  the  scattered  one. 
This  additional  photon  usually  has  a  very  low 
energy  and  therefore  it  is  hard  to  detect,  and 
does  not  appreciably  affect  the  energy  balance  of 
the  process.  Therefore,  the  two  processes,  of 
ordinary  Compton  scattering  and  scattering  with 
two-photon  emission  (sometimes  referred  to  as 
double  Compton  effect),  are  not  readily  resolved 
operationally,  and  their  combined  probability 
must  be  calculated  (except  when  the  additional 
photon  has  unusually  high  energy) ^ 


y  Calculations  for  an  incident  photon  energy  of  2.62  Mev  give  corrections  i 
the  order  of  1  percent  at  angles  around  50°,  when  a  photon  energy  of  100  Ke 
IS  assumed  for  the  low-energy  photon.  The  integrated  correction  is  less  tha 
1  percent  and  has  been  stated  by  Colgate  [4a]  as  about  0.2%  in  his  experimen 
5  A  detailed  separate  calculation  of  either  effect  is  not  even  meaningfi 
because  it  is  based  on  the  assumption  of  a  fictitious  photon  mass  This  poir 
must  be  borne  in  mind  when  examining  the  original  papers  [4] 


2.2.  Experimental  Studies  of  the  Compton 

Effect 

Few  investigations  have  been  made  of  the  angu¬ 
lar  distribution  of  the  scattered  photons  predicted 
by  the  Klein-Nishina  formula.  Of  these,  possibly 
the  most  conclusive  test  is  given  by  the  data  of 
Hofstadter  and  McIntyre  [5]  for  Co  7-radiation. 
They  measured  the  number  of  coincidences  be¬ 
tween  the  recoil  electron  and  the  scattered  photon 
as  a  function  of  the  angular  position  of  the  detector 
(stilbene  crystal).  They  obtained  good  agree¬ 
ment  with  the  differential  Klein-Nishina  curve 
within  their  experimental  error  except  at  the  small¬ 
est  angles  used  (20°  and  15°).  An  additional  ex¬ 
periment  by  Hofstadter  and  McIntyre  [6]  yielded 
an  indication  of  the  energy  distribution  of  Comp¬ 
ton  electrons. 

Numerous  experiments  have  been  made  to  check 
the  Klein-Nishina  formula  for  total  scattering  cross 
section.  Parkinson  [7]  found  agreement  with  pre¬ 
dictions  of  the  theory  within  an  experimental 
error  of  1  percent.  He  reviews  previous  similar 
work  where  the  total  scattering  cross  section  was 
obtained  from  measurements  of  the  total  attenua¬ 
tion  coefficient.  It  is  important  in  such  measure¬ 
ments  that  the  incident  energy  and  absorbing 
rnaterial  be  chosen  so  that  Compton  scattering 
gives  the  main  contribution  to  the  total  attenua¬ 
tion.  Otherwise,  more  reliance  than  is  justified 
may  be  placed  on  cross  sections  for  the  photo¬ 
electric  and  pair  production  processes. 

Verification  of  the  Compton  relationship  has 
been  the  aim  of  mxany  experiments.  Most  of  this 
work  has  been  summarized  by  Cross  and  Ramsey 
[8].  Their  results,  in  agreement  with  Hofstadter 
and  McIntyre  [9],  indicate  that  the  recoil  electron 
and  scattered  photon  emitted  in  a  Compton 
scattering  event  are  simultaneous  within  a  time 
interval  of  less  than  1.5  X 10“^  sec.  The  conserva¬ 
tion  of  energy  and  momentum  laws  have  been 
verified  in  various  experiments. 

2.3.  Corrections  to  the  Klein-Nishina  Form¬ 
ula  in  the  Case  of  Small  Momentun  Trans¬ 
fer 

The  assumption  of  free  electrons  initially  at  rest 
that  underlies  the  Klein-Nishina  formula  is  ap¬ 
proximately  valid  only  if  the  momentum  trans¬ 
ferred  to  the  electron  greatly  exceeds  the  initial 
momentum  of  the  electron’s  motion  within  an 
atom.  In  terms  of  the  wavelengths  of  the  incident 
radiation  (X^)  and  of  the  atomic  electron  (XgO,  this 
condition  reads 

Xo/2  sin  - 

When  this  condition  is  not  satisfied,  Compton 
scattering  is  complicated  by  the  bonds  that  hold 
the  atomic  electrons  and  by  their  motion  within 
the  atom.  As  a  result,  Compton  scattering 
becomes  less  frequent  than  predicted  by  the  Klein- 
Nishina  law. 
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1  a.  Reduction  of  the  probability  of  Compton  scattering 

•  In  an  approximate  calculation  one  may  regard 
{  the  probability  of  Compton  scattering  by  an 
>;  atomic  electron  as  the  product  of  two  factors. 
1  The  first  factor  concerns  the  probability  that  the 
photon  is  deflected  by  a  certain  angle  {d)  and 
transfers  to  the  electron  a  corresponding  amount 
.  of  momentum  p  as  though  the  electron  were  free. 
The  second  factor  concerns  the  probability  that 
the  electron,  havung  received  a  momentum  p, 
will  absorb  a  certain  amount  of  energy  and  thereby 
become  excited  or  leave  the  atom.  The  first 
factor  is  given  by  the  differential  Klein-Nishina 
cross  section  (do-K-N)  for  free  electrons.  The 
second  factor  has  been  evaluated  by  Heisenberg 
and  Bewilogua  [10]  on  the  basis  of  the  Fermi- 
Thomas  model.  They  evaluated  the  probability 
S(hv,d,Z)  that  any  energy  absorption  whatsoever 
results  when  a  photon  of  frequency  v  is  scattered 
by  an  angle  6  and  transfers  a  momentum  p  ^hv2  sin 
{dl2)lc  to  the  electrons  of  an  atom  with  atomic 
number  Z.  Thus  the  total  cross  section  for 
Compton  scattering  with  deflection  6  by  the  Z 
!  electrons  of  an  atom  is  given  approximately  by 

daz—daK-^S{hv,d,Z)  (4a) 

The  dependence  of  S  on  hv,  6,  and  Z  is  expressed 
in  terms  of  the  single  variable  V=178AZ~'^^^hv 
:  sin  6/2.  A  graph  of  S{V)  is  given  in  figure  1. 

A  comparison  of  eq  (4a)  with  the  Klein-Xishina 
1  cross  section  for  Z=82  is  shown  in  figure  2  for  an 
incident  photon  energy  of  300  Kev.  At  very 
small  angles  the  cross  section  per  unit  solid  angle 
for  bound  electrons  is  considerably  lower  than 
that  for  free  electrons.  At  6=4°,  dvz  is  about 
50  percent  of  the  Klein-Xishina  cross  section  for 
Pb 


(z^^^^’=648X10-“;  S(F)  =  0.486, 

SO  that 


^._2  4‘^^S(F)=315X10--) 

The  reduction  of  the  probability  of  Compton 
scattering  is  more  than  compensated  for  bv^  the 
probability  of  coherent  scattering  ®  (unmodified 
radiation)  at  small  angles.  At  0=4°  and  Z=82 
the  cross  section  per  unit  solid  angle  for  coherently 
scattered  radiation  of  300-Kev  energy  is  86X 
or  about  13  times  the  Klein-Xdshina  cross  section. 

b.  Modification  of  the  Compton  law 

The  initial  state  of  bound  motion  of  an  atomic 
electron  also  causes  a  relaxation  of  the  Compton 
relationship  that  binds  the  energy  of  a  scattered 
photon  to  its  direction  and  the  direction  of  electron 


®  Coherent  scattering  is  the  object  of  an  investigation  in  progress. 


V 


Figure  1.  Correction  8(Tq  to  the  Klein-Nishina  fortnida 
in  the  case  of  a  small  momentum  transfer  as  a  function  of 
V{hv ,d,Z) . 


0  10  20  30  40 

0,  DEGREES 

Figure  2.  Illustration  of  the  effect  of  S(V)  on  the  Klein- 
Nishina  cross  section  for  Pb  at  hvo  =  300  Kev. 
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recoil  to  its  energy.  This  effect  may  be  visualized 
in  two  equivalent  manners. 

The  atomic  electrons  may  be  regarded  as  initially 
free  but  endowed  with  a  certain  statistical  distri¬ 
bution  of  velocities.  Then  the  Compton  rela¬ 
tionship  holds  exactly  in  the  moving  frame  of 
reference  in  which  each  electron  happens  to  be  at 
rest.  As  a  result,  photons  scattered  in  a  certain 
direction  do  not  have  identical  energies  (even 
though  their  initial  energies  were  equal).  The 
resulting  energy  spread  may  be  regarded  as  a 
Doppler  broadening  because  it  arises  from  the 
electron’s  motion. 

Alternately,  one  may  consider  that  the  momen¬ 
tum  transferred  to  an  electron  is  essentially  deter¬ 
mined  by  the  angle  of  photon  scattering  (and  by 
the  incident  photon  energy).  As  a  result  of  this 
momentum  transfer,  the  electron  may  recoil  out 
of  the  atom  with  various  energies  and  leave  the 
energy  balance  to  the  photon.  (The  reduction  of 
Compton  scattering  probability  mentioned  in  sec¬ 
tion  a,  page  3,  corresponds  to  the  possibility  that 
the  recoil  is  absorbed  by  the  whole  atom  and  the 
electron  fails  to  be  ejected.) 

According  to  either  picture,  the  balance  of 
momentum,  which  is  the  basis  of  the  Compton 
law,  must  take  into  account  the  initial  momentum 
of  the  electron’s  motion  within  the  atom.  The 
direction  of  this  momentum  is  random.  Its  mag¬ 
nitude,  may  be  regarded  as  roughly  related  to 
the  ionization  potential  of  the  electron,  /,  accord¬ 
ing  to  jpll2my^I.  The  momentum  p  transferred 
from  the  photon  to  the  electron  equals  approxi¬ 
mately  hvo2  sin  {6/2)c  provided  hvo{l~cos 
The  momentum  q  with  which  the  electron  recoils 
out  of  the  atom  is  expected  to  lie  within  the 
approximate  limits  The  recoil  energy 

varies  correspondingly  within  the  approximate 
limits 


2m 


2m^  ^ 


The  kinetic  energv  of  the  recoil  electron  varies 
within  the  limits 


/ 


P 

2m 


±2 


More  specifically,  a  value  of  T=p‘^l2m±  {p‘^Il2my'^ 
is  found  by  calculation  to  occur  approximate!}^ 
half  as  frequently  as  the  value  T=p^l2m  (see 
below) . 

Serniquantitative  verification  of  the  energy  dis¬ 
tribution  of  recoil  electrons  was  obtained  by  Du- 
Mond  [11]  from  an  experimental  determination  of 
the  spectral  distribution  of  photons  scattered  at  a 
given  angle. 

In  the  Compton  scattering  by  free  electrons, 
the  energy  of  the  scattered  photon  is  approxi- 
mateh^  equal  to  the  energy  of  the  incident  photon 
when  ^ro(l  — cos  d)<^mc^.  This  condition  holds 
for  all  values  of  6  when  hvo<^mc^,  for  small  values 


of  d  when  hvo'^mc^,  and  for  very  small  values  of 
d  when  hvo'^mc^.  For  all  these  cases,  of  course, 
the  kinetic  energy  acquired  by  the  electron  is 
small  and  may  be  evaluated  approximately  by  the 
above  expression  with  the  substitution  p=hvo2  sin 
{9/2) /c.  For  example,  if  /iz/o=300  Kev,  7=1  Kev 
and  0  =  30°,  then  r~4dzl0  Kev.  | 

The  problem  of  the  energy  distribution  of  recoil 
electrons  in  Compton  scattering  is  equivalent  to 
the  corresponding  problem  for  inelastic  scattering 
of  electrons  of  energy  E  by  atomic  electrons.  The 
energy  loss  W  of  an  electron  scattered  through  a  | 
moderately  large  angle  (»V^^)  falls  approxi-  | 
mately  within  the  limits  W=Q±2^[^,  where  Q  j 
is  the  energy  loss  in  scattering  by  a  free  electron,  | 
and  W—QE^QI  is  half  as  frequent  as  W=Q  [12].  | 

2.4.  General  Procedure  and  Accuracy  of 

Calculations  || 

The  Compton  energy  versus  angle  values  were  | 
calculated  directly  from  eq  (1).  Corrections  to  |l 
the  Klein-Nishina  formula  discussed  in  the  pre-  ij 
ceding  sections  were  not  included  in  the  calcula-  I 
tions  of  the  cross  sections.  The  differential  cross  i 
section  can  be  expressed  in  terms  of  wavelength  i 
\o=ll<y.o  from  eq  (3), 

where  Xo<X<Xo+2.  A  rearrangement  of  eq  (5)  I 
gives  j 


[Y+^-2(X-X„)+(X-X„fJ,  (6)  i 

l' 

for  which  graphs  are  given  (figs.  Ill,  a,  b,  and  c).  jj 
This  particular  form  was  used  because  values  are  ! 
easily  calculated,  and  the  Klein-Nishina  cross  - 
section  in  terms  of  all  variables  may  be  obtained  I 
by  multiplying  eq  (6)  by  suitable  factors.  Values  i 
of  /(Xo,X)  interpolated  from  this  graph  were  used  ! 
as  a  general  guide  in  plotting  the  cross  sections; 
however,  the  various  graphs  were  eventually  con¬ 
structed  from  independent  recalculation  of  /(Xo,X)  i 
for  the  appropriate  values  of  X^  and  X.  ' 

All  calculations  were  made  to  four  significant  ! 
figures.  Considerable  effort  was  made  to  place  ; 
each  point  on  the  graphs  with  an  accuracy  of  1  ; 
percent.  In  order  to  have  all  points  along  the  I 
curves  as  accurate  as  the  plotted  points  from  which  ; 
the  smooth  curves  were  drawn,  many  checks  for  ‘ 
smoothness  were  made.  Two  types  of  tests  were 
used.  First,  transversal  plots  of  the  original  li 
graphs  were  made.  All  irregular  points  were  [ 
checked  by  calculation  if  the  deviations  were  i 
greater  than  the  stated  accuracy  allowed.  Second,  | 
test  calculations  at  various  points  were  made.  | 
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Table  1.  Two  examples  of  the  accuracy  of  interpolation 


a.  /ivo=0.75  Mev.  0°<<9<60° 

hv  1 

Error 

Interpolated 

Calculated 

Degree 

Mev  \ 

Mev 

Percent 

0 

0.  750 

0.  750 

0.00 

0 

.744 

.746 

-.27 

10 

.731 

.734 

-.41 

15 

.711  ) 

.714 

-.42 

20 

.685 

.689 

-.58 

25 

.659 

.659 

.00 

30 

.625 

.627 

-.32 

35 

.  594 

.593 

+.17 

40 

.560 

.558 

+.36 

45 

.528 

.525 

+.  57 

50 

.495  ; 

.492 

+.61 

55  1 

.464 

.461 

+.  65  i 

60 

.434 

.433 

+.23  i 

t 

b.  0=55°,  0.5  Mev</ii'o<5  Mev 

1  hvo 

h 

U 

Interpolated 

Calculated 

Mev 

Mev 

Mev 

Percent 

0.  5 

.3.53 

.353 

0. 00  ^ 

.6 

1  .401 

.400 

I  +■  25  ; 

.8 

I  .480 

.480 

.00  ! 

1.0 

i  .  550 

.  545 

'  +.91  i 

1.2 

i  .600 

.600 

.00  1 

1.5 

.662 

.666 

;  -.60  1 

2.0 

.748 

.749 

-.13  ! 

2.5 

1  .815 

.810 

+.61 

3.0 

[  .851 

.856 

-.58  j 

3.5 

i  .889 

.893 

'  —.45 

4.0 

1  .920 

.922 

— .  22 

5.  0 

1  .960 

.967 

-•  12 

The  majority  of  these  tests  were  made  on  the 
penciled  graphs.  There  was  a  small  sacrifice  of 
accuracy  m  the  reproduction.  However,  a  few 
checks  on  the  finished  graphs  show  that  the  error 
is  within  the  allowed  deviation.  Two  examples 
of  two-way  interpolation  are  given  m  table  1.  In 
the  fii’st  case,  which  illustrates  the  energy -angle 
relationship  for  an  initial  gamma  ray  of  0.75  Mev, 
where  O°<0<6O°,  the  points  were  obtained  from 
figure  I,  h,  by  visual  judgment.  The  second  case 
is  an  interpolation  from  the  same  graph  for  con¬ 
stant  angle  (55°).  It  is  well  to  note  that  more 
accurate  values  of  table  1,  a,  can  be  obtained  by  a 
family  of  curves  interpolated  at  constant  angles. 
Xot  only  the  accuracy  of  the  curves  was  consid¬ 
ered  but  the  accuracy  of  values  obtained  by 
interpolation. 

To  obtain  maximum  accuracy  for  interpolated 
values,  the  type  of  plot  is  important.  For  this 
reason  different  kinds  of  plots  are  given  for  various 
initial  energies  and  in  different  ranges  of  the  same 
energy,  each  section  having  the  best  plot  for  ease  of 
interpolation.  The  tests  for  accuracy  of  inter¬ 
polated  values  indicate  that,  in  general,  values  may 
be  obtained  within  an  accuracy  of  2  percent. 

2.5.  Discussion  of  Graphs 

Each  section  that  follows  contains  a  discussion 
of  a  particular  group  of  graphs  that  is  designated 
by  a  single  roman  number. 


a.  Scattered  photon  energy  versus  angle  of  scattering 

(fig.  I) 

A  convenient  form  for  eq  (1)  is 

hv=hvol[l-\-oioi'^  —  cosd)],  (7) 

where  hv  and  hvo  are  in  Mev.  For  hvoi^mc^,  the 
curves  decrease  rapidly  from  the  maximum  value 
at  zero  degrees  to  a  minimum  value  at  180° 
expressed  as 

h vmin=  hvol[l  +  2ao]  ^\mc\  (8) 

In  the  nonrelativistic  region,  however,  the  photon 
does  not  lose  an  appreciable  amount  of  energy  by 
scattering,  that  is,  hv^hvo. 

b.  Recoil  electron  energy  versus  angle  of  scattering 

(fig.  II) 

Since  the  recoil  electron  energy  T  is  the  differ¬ 
ence  between  the  initial  gamma-ray  energy  and 
the  energy  of  the  scattered  photon,  one  can  write 

2aoA;^o/[l ~2ao+(l +  ao)"  tan’  \p].  (9) 

The  maximum  value  of  the  recoil  energy  is  at 
when  the  photon  is  scattered  by  180°.  The 
value  of  the  recoil  energy  is  then  expressed  as 

rnaax=2a,Ar,/[ld-2ad.  (10) 

The  maximum  deflection  of  the  electron  is  90°. 
At  this  limit  the  photon  is  scattered  in  the  forward 
direction.  Near  this  limit  the  electron  energy  is 
so  low  that  the  binding  effects  considered  in 
section  2.3  must  always  be  taken  into  account. 


c.  Photon  wavelength  distribution  (fig.  Ill) 

The  differential  cross  section  for  the  scattering 
by  a  free  electron  of  a  photon  with  initial  wave¬ 
length  \o  into  the  wavelength  interval  X  to  X+dX 
is  given  by  eq  (6).  The  original  graph  of  this 
function  is  a  large  master  chart  from  which  values 
were  taken  in  computing  cross  sections  (see  sec.  d, 
page  5).  Since  experimentalists  are  less  inter¬ 
ested  in  this  graph,  a  smaller  chart  is  presented 
here  for  illustration.  The  accuracy  desired  in  this 
report  cannot  be  obtained  from  these  graphs. 

d.  Angular  distribution  of  the  scattered  radiation 
(fig.  IV) 

The  differential  cross  section  for  the  scattering 
of  a  photon  through  an  angle  6  into  the  solid  angle 
df]  can  be  expressed  as  a  function  of  /  (X^,  X)  in  the 
following  manner 


da  _aof{'\o,\)_r'o  (1+cos^  d) 

dQ8~  27r  2  [l+ao(l— cos  0)1^ 


l-f 


al  (1  —  COS  6)'^ 


[1  +COS"  d][\  +q;o(1  — COS  0)] 


(11) 


249464 — 53 - 2 


O 


where  6/=areeos  (l  +  X^— X).  For  hvo^mc^  the 
cross  section  approaches  Thomson’s  classical 
formula  for  scattering-  ^  ro(l +  eos^0).  In  this 
region  the  curves  reach  a  minimum  at  90°  about 
which  the  distribution  is  almost  symmetrical,  with 
maximum  values  of  the  cross  section  at  0°  and 
180°.  This  characteristic  shape  disappears  as 
hvo-^ync^.  A  plot  of  the  initial  photon  energy 
versus  the  angle  at  which  there  is  a  minimum  value 
of  the  cross  section  is  given  in  figure  IV,  m.  As 
hvo  increases  beyond  mc^,  the  distribution  is 
weighted  in  the  forward  direction. 


e.  Angular  distribution  of  the  recoil  electrons  (fig.  V) 

The  differential  cross  section  for  the  recoil  of  a 
free  electron  at  angle  with  respect  to  the  photon’s 
direction  of  propagation  into  the  solid  angle  dQ, 
is  written 


d(j  ^g-p  /  (X^,X)  (1  (1  —  cos  df 

dQ^  27r  cos^  \f/ 

_ d(T  ( 1  -h  apY  ( 1  —  cos  oy 

dQe  cos^  \(/ 


r  2(«„+i)  -| 

r  1  ( 

L(«9+1)^  tan2  \p-y2ao-\-lj 

COS^  \J/\ 

'(gp+iy  tan2  ^jy—i -j2 
iao  b  1)^  taiF  1 J 


_ ^al  _ ) 

[(ao  +  l)^tan^  ip-yi]  [iao-\-iyt£in^  \l/-\-2ao+  1] ) 

(12) 


where  arc  tan 


For  hvo<yo.2  Mev,  the  curves  for  low  primary 
energies  lie  above  those  for  high  primary  energies. 
This  trend  is  also  true  for  hv 0^0.2  Mev  at  large 
angles.  For  initial  photon  energies  >0.2  Alev  the 
curves  cross  at  small  angles  so  that  at  zero  degrees 
the  curve  for  highest  initial  photon  energy  is 
above  all  curves  for  lower  initial  energies.  In 
order  to  give  the  cross  sections  clearly  at  small 
angles,  the  angles  are  plotted  on  a  logarithmic 
scale.  For  convenience  in  reading  the  value  of 
the  cross  section  at  zero  degrees,  a  few  linear  plots 
of  angles  were  made  in  that  region. 


f.  Energy  distribution  of  the  photon  (fig.  VI) 

The  differential  cross  section  for  the  scattering 
of  a  photon  of  initial  energy  hv^  into  the  energy 
interval  hv  to  hv-ydhv  is  given  by 


da 

dhv 


mc^ 


/(XoA) 


irrlmcd 


hv  ^  hvp 
hvo  hv 


/mc^  mcd\  (mc^^ 

\  hv  hvoJ~^\hv  hvo)  )' 


(13) 


An  analysis  of  this  distribution  shows  that  a 
minimum  exists  for  all  energies.  For  hvo<Cl.5  Alev  1 
the  minimum  is  well  defined  by  the  curvature.  i 
For  hvoy>1.5  Alev,  however,  the  minimum  occurs  ) 
about  0.5  Alev  from  the  initial  photon  energy. 
The  difference  in  the  value  of  the  cross  section  at 
the  primary  energy  and  at  the  energy  where  the 
minimum  occurs  is  ^4.88X  10~^^X^/[1  —  XJ. 

The  graph  for  primary  energies  °<  400  Kev  (fig  | 
VI,  i)  represents  {da ldhv)hvo!hvXW  as  a  function 
of  the  percentage  of  energy  retained  by  the  photon.  ' 
Not  to  have  changed  the  plot  in  this  range  would  ' 
have  resulted  in  the  curves  crossing  and  interpola¬ 
tion  would  have  been  almost  impossible.  To  read 
this  graph  one  must  find  the  percentage  of  the  initial 
energy  that  is  scattered.  The  value  of  the  ordinate  i 
obtained  should  be  multiplied  by  this  percentage  to  I 
have  the  cross  section  in  cmVAIev.  Figures  VII,  i 
d  to  h,  of  the  electron  energy  distribution  curves 
can  be  used  as  an  alternate  method  of  obtaining 
values  of  the  cross  section  by  determining  the 
energy  of  the  recoil  electron  and  reading  the  cross  , 
section  directly  in  cmVAIev.  For  example,  let  us 
determine  the  differential  cross  section  for  the 
scattering  of  a  gamma  ray  with  an  initial  energy 
of  40  Kev  so  that  the  scattered  energy  is  35.9  Kev. 
The  scattered  energy  is  89.8  percent  of  the  initial  i 
energy,  and  the  corresponding  ordinate  reading 
0.107X10  23  cm2/percentage  of  energy  retained  by 
the  photon  =0.107X89.8X10-23  >9.61X10-2^ 
cm2/AIev.  Using  the  alternate  method,  one  obtains 
the  energy  of  the  recoil  electron  as  4.1  Kev. 
From  figure  VII,  g,  the  cross  section  is  read 
directly  as  9.6X10-2^  cm2/Kev. 


g.  Electron  energy  distribution  (fig.  VII) 

The  differential  cross  section  for  giving  a  free 
electron  a  recoil  energy  in  the  interval  from  T  to 
T-ydT  is>  written 


da  _  da  _ croX2 

dT  dhv  mod 


fiKh) 


Tvrlmc^-  (rmc2T“|2 

~{hvo-Ty\i{hvoy_\  + 

[{T—mc^y—{mc‘^y]\, 


,1 

I 


(14) 


where  T=hvo  —  hv.  The  maximum  value  of  the 
cross  section  occurs  at  (see  eq  (lOU-  For 

hvo^mc^,  the  cross  section  decreases  rapidly  and 
gradually  flattens  as  T  approaches  zero  with  a 
shallow  minimum  at  T^mc^  (see  sec.  f,  page  6). 

At  lower  initial  primary  energies  the  minimum  be¬ 
comes  more  pronounced.  f 


h.  Integral  Klein-Nishina  cross  section  (fig.  VIII) 

The  integral  Klein-Nishina  cross  section  is  given 
by  eq  (4)  An  approximation  to  this  equation  for 
hvo:$>mc^  is  given  by 

3  mc^  n  ^ 
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This  shows  that  the  total  Compton  cross  section 
I  decreases  with  increasing  energy. 

The  attenuation  of  an  incident  beam  of  X-rays 
I  is  determined  by  the  total  number  of  photons  scat- 
I  tered  out  as  a  result  of  collisons  with  the  electrons 
e  of  a  material.  However,  the  probable  energy 

I  transfer  to  a  material  by  a  beam  of  X-rays  is  de¬ 
termined  by  the  product  of  the  average  fraction 
of  the  incident  photon  energy  that  is  transferred 
to  the  recoil  electron  in  a  single  Compton  scatter¬ 
ing  process  and  of  the  total  scattering  cross  section, 
f  This  product  jar  is  frequently  referred  to  as  the 
“true  absorption  cross  section”  Ca  for  the  Compton 
process.  In  figure  VIII  a  plot  of  (Jt  and  aa  is  pre¬ 
sented  and  figure  VHI,  b,  shows  the  fraction  of 
the  incident  energy  that  is  transferred  to  the  scat¬ 
tered  photon  and  to  the  recoil  electron  m  a  single 
Compton  scattering  process. 


I  thank  U.  Fano  for  many  helpful  discussions, 
G.  K.  White,  who  offered  closer  guidance  especially 
in  the  development  of  the  Introduction,  and  the 
members  of  the  Radiation  Laboratory  and  others 
who  made  contributions  tlmough  discussions  and 
correspondence. 
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4.  List  of  Graphs 


The  initial  graph  in  several  of  the  groups  is  a  “picture”  graph,  a  composite 
chart  that  indicates  the  complete  range  and  general  shape  of  the  curves  in  the 
family.  It  is  not  intended  to  be  used  to  obtain  accurate  values.  The  accuracy 
of  the  graphs  is  discussed  in  the  Introduction. 
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Differential  Klein-Nishina  Cross  Section  per  Electron: 
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a.  hvo,  80  to  500  Mev;  hz^,  10  to 

500  Mev _  70 

b,  c.  hvo,  50  to  500  Mev;  hv,  0.25  to 

80  Mev _  71 

d.  Jivo,  8  to  50  Mev;  hz^,  1  to  50 

Mev _  73 

e.  hvo,  6  to  50  Mev;  hp,  0.24  to 

8  Mev _  74 

f.  hpo,  2  to  6  Mev;  hz/.  0.22  to 

6  Mev _ _  75 

g.  hp„,  0.8  to  2  Mev;  hz^,  0.19  to 

2  Mev _  76 

h.  hpo,  0.4  to  0.8  Mev;  hz/,  0.15  to 

0.8  Mev _  77 

i.  hpo,  10  to  400  Kev;  hz^,  9.6  to 

400  Kev _  78 

Figure  VII.  Electron  energy  distribution _  _  79 

a.  hpo,  40  to  500  Mev;  T,  3  to  500 

Mev _  80 

b.  hpo,  15  to  500  Mev;  T,  2  to  500 

Mev _  81 

с.  hpo,  4  to  15  Mev;  T,  0.15  to  15 

Mev _  82 

d.  hpo,  1.2  to  4  Mev;  T,  0.02  to 

4  Mev _  83 

e.  hpo,  0.2  to  1.2  Mev;  T,  2  to  10^ 

Kev _  84 

f.  hpo,  100  to  200  Kev;  T,  0.2  to 

100  Kev _  85 

g.  hpo,  15  to  100  Kev;  T,  0.15  to 

30  Kev _  86 

h.  hPo,  10  to  100  Kev;  T,  0.005  to 

0.8  Kev _  87 
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Figure  VIII,  a.  j  Effective  cross  section  for 
[  energy  absorption _ 
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